Relativistic Landau quantization for a neutral particle 
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Abstract 

In this contribution we study the Landau levels arising within the relativistic quantum dynamics of a 
neutral particle which possesses a permanent magnetic dipole moment interacting with an external electric 
field. We consider the Aharonov-Casher coupling of magnetic dipole to the electric field to investigate 
an an analog of Landau quantization in this system and solve the Dirac equation for two different field 



configurations. The eigenfunctions and eigenvalues of Hamiltonian in both cases are obtained. 
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I. INTRODUCTION 

The Landau quantization [l] is known in the literature as the quantization of cyclotron orbits 
for a charged particle motion when this particle interacts with an external magnetic field in the 
non-relativistic regime. The Landau quantization in non-relativistic regime is also discussed in the 
cases of other physical systems such as Bose-Einstein condensate [2, 3], different two-dimensional 
surfaces 

m 

and quantum Hall effect [3]. For the relativistic dynamics of a charged particle, 
the Landau quantization was first discussed by Jackiw and by Balatsky et al Qj. Other studies 
of the relativistic Landau quantization were carried out in the cases of a quantum Hall effect [lo| , 
a spin nematic state [ill and a finite temperature IjJ. 

In the case of the non-relativistic dynamics of a neutral particle, Ericsson and Sj6qvist[13] have 
used the Aharonov-Casher(AC) [ijj] interaction to generate an analogue of the Landau quantization 
in a system of a neutral particle possessing a magnetic dipole moment interacting with an external 
electric field. The AC effect is the effect reciprocal to the Aharonov-Bohm (AB) effect [ij]]. Other 
important topological effect is the dual AC effect, which is known as He-McKellar-Wilkens (HMW) 
effect [161. 1171]. Within the HMW effect, the phase shift is generated by the interaction between an 
external magnetic field and the electric dipole moment of the neutral particle. Thus, considering the 



HMW effect, Ribeiro et al [18j] have studied the analog of Landau quantization for a neutral particle 
which possesses a permanent electric dipole moment, and Furtado et al [19] have investigated the 
Landau quantization for induced electric dipoles, being motivated by the paper of Wei et al 



211 ] have studied 



Within the framework of the noncommutative quantum mechanics, Passos et al 
geometric phases for neutral particles, and the Landau quantization in this case was studied by 
Ribeiro et al [22|. Recently, The Landau quantization was investigated in a system of an atom in 
the presence of an external electric and a inhomogeneous magnetic field by Basu et al [231 ]. In the 
context of the Lorentz-symmetry violation, Ribeiro et al [24] investigated the arising of geometric 
phases for neutral particles and Passos et al [25] investigated the analog of Landau levels. 

In this paper, we construct an analog of the relativistic Landau quantization for a neutral particle 
with a permanent magnetic dipole moment coupled to an external electric field. We develop the 
relativistic analog of the Landau quantization in the symmetric gauge and in the Landau gauge. 
Finally, we take the non-relativistic limit of the relativistic energy levels and compare it with the 
respective non-relativistic cases. 

This paper is organized as follows. In section II, we study the relativistic analog of the Landau 
quantization of neutral particle with a permanent magnetic dipole moment when the electric field 
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is given in the symmetric gauge. In section III, we study the relativistic analog of the Landau 
quantization for the neutral particle when the Landau gauge for the electric field is imposed. In 
section IV, we present our conclusions. 



II. RELATIVISTIC ANALOGUE OF THE LANDAU LEVELS: THE SYMMETRIC 
GAUGE 

In this section, we study the relativistic Landau levels arising within the relativistic dynamics 
of neutral particles with permanent magnetic dipole moment coupled with an external electric 
field. The quantum dynamics corresponding to this interaction arises due to the introduction of 
the non-minimal coupling into the Dirac equation 26f] 










fa* 








h H 








o J 









i-fdn^i-fdn + ZzTF^, (1) 

where \x is a magnetic dipole moment of the neutral particle and T,^ u = | [7^,7"]- The 7^ matrices 
are the Dirac matrices in the flat spacetime, i.e., 

7°=/3= I I : / hV- I I : S'= I I (2! 



with 7^7^ + 7^7^ = —2rf ,v , X being the spin vector and a % the Pauli matrices. The tensor 
^iiv _ diag( — h +- 1-) is the Minkowsky tensor and the indices k = 1, 2, 3). The Dirac equation 
for this system becomes 

nd^ ,S$ 2 d$> ,5* t 

at ox oy oz 

Now let us configure the electric field in a way within which the necessary conditions pointed out 
in the reference [3] for the field-dipole configuration are satisfied, to obtain a Landau quantization. 
The field configuration in the relativistic regime must satisfy the same conditions pointed out in 
[13I for the non-relativistic dynamics, i.e, 

dE 

— = 0; V x E = 0, (4) 

and also the condition of absence of torque on the magnetic dipole. We choose an electric field 
satisfying the field condition given in (|4|), in the following form 

E = ^(x,y,0), (5) 
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with A is a linear density charge and x and y can be measured with respect to the symmetry axis 
of the cylinder. This field configuration can be obtained inside of two cylindrical shells. 

Using the field configuration given in the expression ([5|), we study the relativistic Landau- 
Aharonov-Casher quantization which occurs within the relativistic dynamics of the neutral particle 
which has a permanent magnetic dipole moment interacting with an external electric field. Taking 
\E» = e~ t£t ip (x) and the external electric field ©, we can rewrite the Dirac equation (J3j) m the 
form 

Sip = mPtfj + a 1 (p x + i^xf^j tp + a 2 (p y + v^-y $ \ tp + 6?p z ip. (6) 

We can rewrite the Eq.Q in the following form 

Sip = mfiip + q 1 (p x + ipA^ c ) ip + a 2 (p y + ipAy C ) ip + c?p z ip. (7) 

Notice that the components of the vector A£ G = \x{5 and Ay C = \y(i play the role of a vector 
potential. This effective potential vector was denominated as Aharonov-Casher potential vector. 
Note that this field configuration generates a symmetric gauge configuration for the AC potential. 
In this case, we have an effective uniform magnetic field given by 

Bag = Vx5 = /jAz. (8) 

Now, we meet an effective problem of solving the Dirac equation for a particle with an effective 
charge [i minimally coupled to the Aharonov-Casher gauge potential A AC . This problem is similar 
to the relativistic problem of solving the Dirac equation for the electric charge placed in an uniform 
magnetic field. 

Using the cylindrical symmetry of the system, we suggest the solution of the Dirac equation © 
to be in the form 

iP(x) = Ce il Ve ikz | | . (9) 

V R2 (p) ) 

Where C is a constant spinor amplitude. Substituting the solution ([9]) into the equation ([6]), 
suggesting that the magnetic dipole moments are parallel to the z-axis, we arrive at the following 
equations for R\ (p) and i?2 (p) 



dp 2 p dp p 2 



+ 2 JL. _ _ _ i^—p 2 - lfj,X -p\+ (S 2 -m 2 - k 2 ^ 




0. (10) 
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Now, we make a change of variables 



— p 2 , 
2 1 



so the equation (fTOI) becomes 
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dr 2 dr V 4r 4 




0, 



with the new parameter (5 is given by 
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ff 2 _ m 2 - k 2 ) 
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2 ~ 2" 



The solution for the equation (|12[) has the form 



#0: 



1,2 



e"2 T ~ F(-n, \l\ + l;r) 



(11) 



(12) 



(13) 



(14) 



and the relativistic energy levels which can be treated as the relativistic analogs of the Landau 
levels for a neutral particle with a permanent magnetic dipole moment are 



£ I = m 2 + k 2 + 2fi\ (n + ^ + l - + 1^ 



(15) 



where n = 0, ±1, ±2, ±3, which shows us that the relativistic analogs of the Landau levels are 
infinitly degenerated. The radial eigenf unctions are 



-n, 



+ i; T P 



(16) 



Using the condition of absence of torque on the dipole, we find that eigenvalues are given by 

E 2 n = m 2 + 2 M A (n + ^ + l - + 1 



(17) 



where n = 0, ±1, ±2, ±3, ... 

At this moment, we want to analyze the nonrelativistic limit of the relativistic analog of the 
Landau levels. Let us write the expression for the relativistic analogs of the Landau levels (|17|) in 
the following form 



S n = m \ 1 + 



2/xA 



\l\ 1 n 

n + — H hi 

2 2 



(18) 



Applying the Taylor expansion up to the first order term in (|18|) . one finds the following non- 
relativistic analogs of the Landau levels 
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(19) 



where the first term in the right-hand side of the equation is the rest mass of the neutral particle. 
The last terms of (|19p correspond to the non-relativistic analog of the Landau levels obtained in 
13 |, where these non-relativistic energy levels are infinitely degenerated. 



III. RELATIVISTIC ANALOGUE OF THE LANDAU LEVELS IN LANDAU GAUGE 



In this section, we study the relativistic analog of the Landau levels for a neutral particle which 
possesses a permanent magnetic dipole moment interacting with an external electric field given 
for a uniformly charged plane, where in the x-direction the plane is finite, whereas in the y and 
z-directions it is infinite. This field configuration corresponds to the following electric field 

E = A (x, 0, 0) , (20) 

where this field configuration satisfies the conditions © which is established in the reference [ljj. 
The Dirac equation for this field configuration becomes 

Sip = mfiip + a 1 (j) x + i/iX x @ \ ip + & 2 p y ip + a 3 p z ip, (21) 

where we have used the ansatz ^ = e~ l£t ip {x,y, z) and the external electric field (|20p . The Eq. 
(|2ip can be rewritten in the following form 

Sip = mfiip + q 1 (p x + i/J.A^ c ) )ip + a 2 p y ip + 6?p z ip, (22) 

where the gauge potential is chosen to look like A^ c = A x (i. Note that the field configuration 
(|20|) produces an Aharonov-Casher vector potential similar to the vector potential for the Landau 
levels in the Landau gauge. 

Let us take the ansatz for the solution of the equation (|2ip in the following form 



/ R i ( x ) \ 

*P(x,y,z)=Ce ip y y e lkz ■ (23) 

V ^2 (X) ) 

where C is a constant spinor. Substituting the solution ([23]) into the equation ([2T|) and supposing 
that the magnetic dipole moments are parallel to the z-axis, we obtain the following equations for 
R\ (x) and i?2 (x): 
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[E 2 -m 2 -k 2 - n\) Ri t2 (x) 



p 2 x + fi\[x + ^- 



Ri,2 (x) . (24) 



The right-hand-side of the equation (|24p is an analog of the one-dimensional harmonic oscillator 
Hamiltonian with the minimum at xo = — Thus, the relativistic energy levels for the neutral 
particle interacting with the external electric field (|20p are 

S 2 = m 2 + k 2 + 2/iA (n + ^ J + p\, (25) 



where n = 0, ±1, ±2, .... If we impose the condition of absence of torque on the dipole, we obtain 
the following eigenvalues 



E 2 n = m 2 + 2^A ( n + ^ ) + //A, (26) 



H) 



Hence, we find that the energy levels given in (|26p are the relativistic analogs of the Landau 
levels for a neutral particle with a permanent magnetic dipole moment interacting with a field 
configuration given in the Landau gauge. The eigenfunctions are 



ip (x,y,z) 



Ce ip v y e ikz R h2 ( x + jj), (27) 



with i?i 5 2 yx + jjjj = H n (x + ^) being the Hermite polynomials. 

The non-relativistic values for the analogs of Landau levels for the neutral particle in the Landau 
gauge can be obtained via the Taylor expansion. We rewrite the expression (|26p in the form 



Sn = m /i + 2 4fn+i N )+4- (28) 



Thus, expanding up to the first order, we have 

f„ = ra + ^(„ + I)+^, (29) 

where the first term corresponds to the rest mass of the neutral particle, the last terms corresponds 
to the non-relativistic analogue of the Landau levels with the field configuration given in the Landau 
gauge Q. 



IV. CONCLUSIONS 



We studied the relativistic analog of the Landau quantization for a neutral particle with a 
permanent magnetic dipole moment interacting with an external electric field. We suggested that 
the field configuration which generated the Landau quantization in the relativistic dynamics of 
this neutral particle must satisfy the same conditions imposed by Ericsson and Sjoqvist [l3] in 
the non-relativistic dynamics. For the relativistic dynamics of the neutral particle with permanent 
magnetic dipole moment interacting with an external electric field, the relativistic analog of the 
Landau levels arises naturally. At the end, we investigated the non-relativistic limit of the energy 
levels obtained in the expression (|17|) through the Taylor expansion to the first order. We obtained, 
in the non-relativistic limit, the same expression for the non-relativistic analog of the Landau levels 
in Q. 
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We claim that we can obtain the results of quantum dynamics of neutral particle with a perma- 
nent electric dipole moment interacting with an external magnetic field via the He-Mckellar-Wilkens 



coupling 
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171 ] . We carried out this study employing the duality transformation in the equations 
of motions of the Landau- Aharonov-Casher problem in the presence of a topological defect and ob- 
tained the He-Mckellar-Wilkens quantization for a neutral particle in the presence of a topological 
defect. The equations of motion for the HMW case can be easily obtained through the changing 
/i — > d and E — > B, where d is the electric dipole moment of the neutral particle and B is the 
magnetic field. 
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